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Abstract
A class of axial algebras generated by two axes with eigenvalues 0, 1, η
and ξ called axial algebras of Majorana type is introduced and classified
when they are 2-generated, over fields of characteristics neither 2 nor 5
and there exists an automorphism switching generating axes.. The class
includes deformations of nine Norton-Sakuma algebras. Over fields of
characteristics 5, the axial algebras of Majorana type with the axial
dimension at most 5 are clasified.
1 Introduction
In [11], S. Sakuma considered pairs of Ising vectors of Griess algebras of vertex
operater algebras and proved that any subalgebra generated by such a pair is
isomorphic to one of the nine Norton-Sakuma algebras [1]. In [5], A. A. Ivanov
axiomatzed Majorana algebras, which are a generalization of the 196,884 di-
mensional Griess algebra called the monstrous Griess algebra, and in [6], A.
A. Ivanov et al. proved that a 2-generated Majorana algebra is isomorphic to
one of those algebras. The purpose of this paper is to study the clasification
of the case when the eigenvalues 1
4
, 1
32
in Majorana algebras are replaced by
arbitrary scalars ξ, η in an arbitrary base field.
A language suitable for such generalization is given by the concept of an axial
algebra introduced by J. I. Hall et al. in [3]. An axial algebra is a commutative
nonassociative algebra generated by axes, a distinguished set of idempotents,
subject to a condition called a fusion rule given in terms of the eigenvalues
of the axes. For a fusion rule F and an algebra A, an idempotent a of A is
called an F-axis if its action on A is semisimple and the eigenspaces obey the
fusion rule F . An algebra generated by F -axes is called an F-axial algebra.
A Majorana algebra is a V(4, 3)-axial algebra with an associative and positive
definite bilinear form, where V(4, 3) is a fusion rule with the set of eigenvalues
{0, 1, 1
4
, 1
32
} and is the fusion rule coming from the fusion rules of the Ising
model in conformal field theory. See [3] for details.
Let us consider an arbitrary pair (ξ, η) of elements of the base field. For
such a pair, let F(ξ, η) be the fusion rule givrn in table 1. The fusion rule
V(4, 3) is nothing else than F(1
4
, 1
32
).
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In [8], A. Matsuo considered the case when the ξ-eigenspaces of axes are 0 for
Griess algebras. In [4], J. I. Hall, F. Rehren and S. Shpectorov generalized the
result for a class of axial algebras called the primitive axial algebra of Jordan
type, the eigenvalues of whose axis are {0, 1, η}, and classified them when they
are generated by 2 axes. In [7], F. Rehren deformed Norton-Sakuma algebras
to the axial algebras such that the eigenvalues of their axes are {0, 1, ξ, η}.
In the present paper, we consider a class of axial algebras over a field, which
we call 2-generated axial algebras of Majorana type (ξ, η) and classify them in
the case when there exists an automorphism switching 2 generating axes. We
call such an automorphism a flip following [3]. Here, ξ and η are arbitrary
elements of the base field.
The 2-generated axial algebras considered in [7] and [4] are particular cases
of axial algebras of Majorana type (ξ, η), but there exist other axial algebras
of Majorana type. So the classification done in this paper is a generalization
of the classification of [3].
? 0 1 ξ η
0 0 0 ξ η
1 0 0 ξ η
ξ ξ ξ {0, 1} η
η η η η {0, 1, ξ}
Table 1: The fusion rule F(ξ, η)
In Section 2, we introduce axial algebras of Majorana type (ξ, η) and study
their fundamental properties after recalling relevant terminologies on general
axial algebras. In Section 3, we give a list of axial algebras of Majorana
type (ξ, η) admitting a flip. In Section 4, we state our main theorem that the
algebras listed in Section 3 exaust all the axial algebras of Majorana type (ξ, η)
admitting a flip if the base field is of characteristic neither 2 nor 5 and that
such a result holds for characteristic 5 when the algebra satiffies a condition
about linear relations among axes. We also give an outline of their proofs.
Finally, we give the details of the proofs in Section 5.
The results of this paper were presented in RIMS Workshop ‘Research on
algebraic combinatorics, related groups and algebras,’ held in Kyoto in De-
cember, 2019. The author noticed that the algebra Z(2, 1
2
) given in this paper
was independently constructed in a recent preprint [2].
2 Axial algebras of Majorana type
Let F be a field of characteristic not 2.
2.1 Axial algebra of Majorana type
For distinct elements ξ and η of F \ {0, 1}, an axial algebras of Majorana type
(ξ, η) is a commutative nonassociative algebra algebra M equipped with a set
of generators A such that for all a ∈ A, the following conditions are satisfied.
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(1) M =
⊕
α∈{1,0,ξ,η}M(a, α), where M(a, α) = {w ∈ M | aw = αw} for all
a ∈M and α ∈ F.
(2) M(a, 1) = Fa.
(3) M(a, α)M(a, β) ⊂ ⊕γ∈α?βM(a, γ) for all α, β ∈ {0, 1, ξ, η}, where ? is
the fusion rule F(ξ, η) of table 1.
The fusion rule F(ξ, η) is given in [7].
When a non-trivial permutation of axes of 2-generated F(ξ, η)-axial algebra
M induces an automorphism of M , we call such an automorphism a flip (See
[3]). The flip is unique if it exists. We denote it by θ.
Let a0 and a1 are generating axes of M . For each i ∈ {0, 1}, let τi denote
the automorphism called the Miyamoto involution which is 1 on M(ai, 1) ⊕
M(ai, 0)⊕M(ai, ξ) and −1 on M(ai, η) (See [10]).
2.2 Axial dimension and linear relation of axes
Let M be an axial algebra of Majorana type (ξ, η) generated by {a0, a1} ad-
mitting a flip θ. Recall the Miyamoto involutions τ0 and τ1.
For each integer i ∈ Z, we set a2i = (τ1 ◦ τ0)i(a0) and a2i+1 = (τ1 ◦ τ0)i(a1).
Then ai is an axis, θ(ai) = a1−i, τ0(ai) = a−i, and τ1(ai) = a2−i for all i ∈ Z.
The group G = 〈τ0, θ〉 is a dihedral group. Let fi ∈ G be an automorphism
such that fi = (θ ◦ τ0)i.
We call the dimension of the subspace SpanF{ai | i ∈ Z} the axial dimension
of M and denote it by D = AdimM , while the dimension of the whole algebra
M by d = dimM .
Let {ik}k∈Z>0 be the unique sequence of integers such that i1 = 0, i2k =
1 − i2k−1 and i2k+1 = −i2k for all k ∈ Z>0. Then i2k = k, i2k−1 = 1 − k,
ai2k = θ(ai2k−1) and ai2k+1 = τ0(ai2k).
Linear combinations of axes are described by the following two lemmas.
Lemma 2.1. {ai | 1 ≤ i ≤ D} is a basis of SpanF{ai | i ∈ Z}.
Proof. Set k ∈ Z. Assume that aik+1 =
∑k
j=1 αjaij holds for some α1, . . . , αk ∈
F. Once aik+2 ∈ SpanF{aij | 1 ≤ j ≤ k} is shown, then it follows that
ai ∈ SpanF{aij | 1 ≤ j ≤ k} for all i by induction, and hence the proof is
completed.
If k = 2l for some l ∈ Z, then aik+2 = a1−ik+1 = θ(aik+1) =
∑k
j=1 αjθ(aij) =∑k
j=1 αja1−ij . Since {i1, . . . , ik} = {−l + 1, . . . , l}, 1 − ij ∈ {i1, . . . , ik} for all
1 ≤ j ≤ k and aik+2 ∈ SpanF{aij | 1 ≤ j ≤ k}.
If k = 2l+1 for some l ∈ Z, then aik+2 = a−ik+1 = τ0(aik+1) =
∑k
j=1 αjτ0(aij) =∑k
j=1 αja−ij . Since {i1, . . . , ik} = {−l, . . . , l} −ij ∈ {i1, . . . , ik} for all 1 ≤ j ≤
k and aik+2 ∈ SpanF{aij | 1 ≤ j ≤ k}.
Lemma 2.2. If D < ∞, then there exist k ∈ Z>0 and α1, . . . , αk ∈ F such
that one of the following properties holds:
(1) D = 2k − 1, αk 6= 0 and
∑k
j=1 αj(ai2j−1 + ai2j) = 0.
3
(2) D = 2k − 1, αk 6= 0 and
∑k
j=1 αj(ai2j−1 − ai2j) = 0.
(3) D = 2k, αk 6= 0 and
∑k
j=2 αj(ai2j−1 + ai2j−2) + α1a0 = 0.
(4) D = 2k, αk 6= 0 and
∑k
j=1 αj(ai2j+1 − ai2j) = 0.
Proof. By Lemma 2.1, there exist β1, . . . , βD+1 ∈ F such that βD+1 6= 0 and∑D+1
j=1 βjaij = 0. If D = 2k − 1 for some k ∈ Z>0, then
0 = θ(0) + 0 =
k∑
j=0
(β2j−1 + β2j)(ai2j + ai2j−1).
If β2k−1+β2k 6= 0, then the property (1) holds. Otherwise, all of the coefficients
are zero since the dimension of SpanF{ai | i ∈ Z} becomes less than D if there
exists a non-zero coefficient. Hence the property (2) holds.
In the case when D = 2k, by considering τ0(0) + 0, it follows that
k∑
j=1
(β2j+1 + β2j)(ai2j + ai,2j+1) + 2β1a0 = 0.
If β2k+1+β2k 6= 0, then the property (3) holds. Otherwise, all of the coefficients
are zero and the property (4) holds by a similar argument as above.
We say that M satisfies an even relation when the property (1) or (3) holds
and M satisfies an odd relation otherwise.
2.3 Some useful elements of M
We follow the notations introduced in the preceding subsection.
Consider the element
pi,j = ajai+j − η(ai + ai+j)
for i, j ∈ Z. Then p1,j = ajaj+1 − η(aj + aj+1) is invariant under G and
p2,0 = ajaj+2−η(aj +aj+2) and p2,1 = ajaj+2−η(aj +aj+2) are invariant under
τ0 and switched by the flip θ. In other words,
τi(p1,j) = p1,j, τi(p2,0) = p2,0, τi(p2,1) = p2,1,
θ(p1,j) = p1,j, θ(p2,0) = p2,1, and θ(p2,1) = p2,0
for i = 0, 1 (See [7], section 3). The element p1 = p1,0 = a0a1 − η(a0 + a1) will
play a particular role later.
For each integer i ∈ Z, let ϕi : M → F be the linear map such that ϕi(x)ai
is the projection of x ∈M to M(ai, 1) = Fai. We set λi = ϕ0(ai).
Set
xi = pi,0 − (λi − η)a0 + η2(a−i + ai),
yi = ai − a−i,
zi = pi,0 − ((1− ξ)λi − η)a0 − ξ−η2 (a−i + ai).
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Then zia0 = 0, xia0 = ξxi and yia0 = ηyi. (See [7], section 3).
Let us consider the multiplication of pi,j. Since fj(zia0) = 0,
ajpi,j = (ξ − η)pi,j+ ((1− ξ)λi + η(ξ − η − 1))aj
+
1
2
η(ξ − η)(ai+j + aj−i) (2.1)
for all i, j ∈ Z≥0.
Lemma 2.3. Let q ∈ M and pi ∈ F. If ai ∈ M(q, pi) for all i ∈ Z, then
pi,j ∈M(q, pi) for all i, j ∈ Z.
In order to prove this lemma, we use the property known as the Seress
condition (cf. [3], Section 3): for w ∈ M and z ∈ M(ai, 0), ai(wz) = (aiw)z.
This property is indeed satisfied for a (ξ, η)-axial algebra of Majorana type M
since M(ai, 0)M(ai, k) ⊂M(ai, k) holds for all k ∈ {0, 1, ξ, η} by the definition
of the fusion rule F(ξ, η).
Proof of Lemma 2.3. If ai ∈ M(q, pi) for all i ∈ Z, then q − piaj ∈ M(aj, 0)
and hence
0 = (ajai+j)(q − piaj)− aj(ai+j(q − piaj))
= pi,jq + piη(aj + ai+j)− pi(aiai+j)aj − piaj(ai+j − ajai+j) = pi+jq − pipi,j.
for all i, j ∈ Z.
Recall the element p1 = p1,0 = a0a1 − η(a0 + a1).
Lemma 2.4. If dimM ≥ 3, then p1 6= 0.
Proof. If p1 = 0, then a0a1 ∈ Fa0 + Fa1, which yields M = 〈a0, a1〉alg ⊂
Fa0 + Fa1 and hence dimM ≤ 2.
Recal the elemants p2,0 = a0a2 − η(a0 + a2) and p2,1 = a−1a1 − η(a−1 + a1).
Lemma 2.5. If ξ = 2η, then
p2,0 ∈
F∑
i=−1
ai + Fp1 − η
2
(a2 + a−2). (2.2)
If ξ 6= 2η, then
a0p2,1 ∈ Fa0
+
1
ξ − 2η ((2(1− 2ξ)λ1 + 2ξ
2 − ξη + 2η2 − ξ
2
− η)(2p1 + η(a1 + a−1))
+η(ξ − η)(2p2,0 + η(a2 + a−2))) (2.3)
and
p2,1 −p2,0
∈ F(a1 − a0) + ξ − 4η
4
(a3 − a−2)
−(2ξ
2 − 12ξη − 2ξ + 8η)λ1 + 5ξη2 + ξ2η + ξη − 6η2
4η(ξ − η) (a2 − a−1). (2.4)
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In particular,
p2,1 − p2,0 ∈ F(a1 − a0) + F(a2 − a−1) + ξ − 4η
4
(a3 − a−2) (2.5)
in the both cases.
Proof. By the fusion rule, x1x1 − z1z1 − ϕ0(x1x1)a0) ∈M(a0, 0).
When ξ = 2η the coefficient of p2,1 of x1x1 − z1z1 − ϕ0(x1x1)a0) is 0. Thus
we can compute a0(x1x1 − z1z1 − ϕ0(x1x1)a0) and then
p2,0 ∈
F∑
i=−1
ai + Fp1 − η
2
(a2 + a−2).
holds since the multiplication is 0.
When ξ 6= 2η, then
a0p2,1 ∈ Fa0
+
1
ξ − 2η ((2(1− 2ξ)λ1 + 2ξ
2 − ξη + 2η2 − ξ
2
− η)(2p1 + η(a1 + a−1))
+η(ξ − η)(2p2,0 + η(a2 + a−2))) (2.6)
since a0(x1x1 − z1z1 − ϕ0(x1x1)a0) = 0.
By the fusion rule, pi,0pj,0 =
1
ξ
a0(zixj − zizj) − (zixj − pi,0pj,0). By the
flip-invariance of p1p1,
p2,1 −p2,0
∈ F(a1 − a0) + ξ − 4η
4
(a3 − a−2)
−(2ξ
2 − 12ξη − 2ξ + 8η)λ1 + 5ξη2 + ξ2η + ξη − 6η2
4η(ξ − η) (a2 − a−1) (2.7)
if ξ 6= 2η.
By the simular argument as the proof above, we can decide a0(pi.j + pi,−j)
for any i, j ∈ Z.
3 List of axial algebra of Majorana type ad-
mitting flip
3.1 The primitive axial algebras of Jordan type
An axial algebra M of Majorana type (ξ, η) admitting a flip with M(a0, ξ) = 0
or M(a0, η) = 0 is a 2-generated primitive axial algebras of Jordan type η
or ξ, respectively ([4]). The following lemma is given in [4], Proposition 4.6,
Proposition 4.7 and Proposition 4.8.
Lemma 3.1 (J.I. Hall et al.). If M is a primitive axial algebra of Jordan type
η generated by two axes a0, a1, then the following three properties hold:
6
(1) If M is not isomorphic to the associative algebra F or F⊕ F, then η = 1
2
or λ1 =
η
2
.
(2) If dimM = 2 and M is not isomorphic to F⊕ F, then η = −1 or 1
2
and
a0a1 = η(a0 + a1).
(3) p1w = ((1− η)λ1 − η)w for all w ∈M .
3.2 Algebra III(ξ, η, α) and its quotients
For ξ, η, α ∈ F with 2ξ 6= 1, let III(ξ, η, α) be the F-space Fqˆ⊕⊕1i=−1 Faˆi with
the multiplication given by
• aˆ2i = aˆi for all i.
• aˆiaˆi+1 = qˆ + (ξ−η)2 ((α + 1)aˆ0 + aˆ1 + aˆ−1) + η(aˆi + aˆi+1) for i = 0,−1.
• aˆ−1aˆ1 = (1− α)(qˆ + (ξ−η)2 ((α + 1)aˆ0 + aˆ1 + aˆ−1)) + η(aˆ1 + aˆ−1).
• qˆw = −ξ(ξ−2)(ξ−η)α−ξ(3ξ2+3ξη−η−1)
4(2ξ−1) w for all w ∈ III(ξ, η, α).
The parameters such that III(ξ, η, α) becomes an axial algebra of Majorana
type (ξ, η) and admits a flip are as follows:
(i) α = 0 and 0, 1, ξ and η are distinct.
(ii) η = 1
2
and ξ /∈ {0, 1, 1
2
}.
The quotients of these algebras not of Jordan type are given by:
(i) III(ξ, 1−3ξ
2
3ξ−1 , 0)/Fqˆ, where 3ξ 6= ±1 and 3ξ2 6= 1.
(ii) III(−1, 1
2
, α)/Fqˆ, where chF 6= 3.
(iii) III(ξ, 1
2
,−3)/Fqˆ.
We denote these quotients by III(ξ, 1−3ξ
2
3ξ−1 , 0)
×, III(−1, 1
2
, α)× and III(ξ, 1
2
,−3)×,
respectively.
3.3 Algebra IV1(ξ, η) and its quotients
For ξ, η ∈ F, let IV1(ξ, η) be the F-space Fqˆ⊕
⊕2
i=−1 Faˆi with the multiplication
given by
• aˆiaˆi = aˆi for all i.
• aˆiaˆj = qˆ + ξ−η2 (aˆ0 + aˆ1 + aˆ−1 + aˆ2) + η(aˆi + aˆj) if |i− j| = 1 or 3.
• aˆiaˆi+2 = 0 for i = −1, 0
• qˆw = −2ξη−ξ+η
2
w for all w ∈ IV1(ξ, η).
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The parameters such that IV1(ξ, η) is an axial algebra of Majorana type
(ξ, η) and admits a flip are listed as follows:
(i) ξ = 1
4
, chF 6= 3 and η /∈ {0, 1, 1
4
}
(ii) η = ξ
2
and ξ /∈ {0, 1, 2}.
The quotients of these algebras with axial dimension 4 are as follows:
(i) IV1(
1
4
, 1
2
)/Fqˆ where chF 6= 3.
(ii) IV1(−12 ,−14)/Fqˆ where chF 6= 3 nor 5.
We denote these quotients by IV1(
1
4
, 1
2
)× and IV1(−12 ,−14)×, respectively.
3.4 Algebra IV2(ξ, η, µ) and its quotient
For ξ, η, µ ∈ F such that µ 6= 0, let IV2(ξ, η, µ) be the F-space Fpˆ1⊕
⊕2
i=−1 Faˆi
with multiplication given by
• pˆ1pˆ1 = (2η2−ηξ− 12η+ ξ−2ξ
2
2µ
)pˆ1+(
η3µ
2
+η3− ξη2
2
+ ξη−2ξ
2η
4µ
)(aˆ0+aˆ1+aˆ−1+aˆ2).
• pˆ1aˆi = ξ−η2 (2pˆ1 + η(aˆi−1 + aˆi+1)) + (−µη2 + η(2ξ−2η−1)2 )aˆ0 for all i, where
aˆ−2 = aˆ2 and aˆ3 = aˆ−1.
• aˆiaˆi = aˆi for all i = −1, 0, 1, 2.
• aˆiaˆj = pˆ1 + η(aˆi + aˆj) if |i− j| = 1 or 3.
• aˆiaˆi+2 = r2,i + η(aˆi + aˆi+2) for i = −1, 0, where r2,i = −µ(2pˆ1 + η(aˆi+1 +
aˆi−1))− η(aˆi + aˆi+2) and aˆ3 = aˆ−1.
The parameters such that IV2(ξ, η, µ) is an axial algebra of Majorana type
(ξ, η) and admits a flip are as follows:
(i) (ξ, µ) = (1
2
, 1−4η
2η
) and η /∈ {0, 1, 1
2
}.
(ii) (η, µ) = ( ξ
2
2
, 1
ξ
) and ξ /∈ {0, 1, 2,±√2},
(iii) (η, µ) = (1−ξ
2
2
, −1
ξ+1
) and ξ /∈ {0,±1,±√−1,−1±√2}.
The only quotient of these algebras with axial dimension 4 is IV2(−1, 12 ,−1)/F(pˆ1+
3
8
(aˆ0+aˆ1+aˆ−1+aˆ2)) where chF 6= 3. We denote this quotient by IV2(−1, 12 ,−1)×.
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3.5 Algebra IV3(
1
2 , 2) and its quotient
Let IV3(
1
2
, 2) be the F-space Fqˆ ⊕⊕2i=−1 Faˆi with multiplication given by
• For all w ∈ IV3(12 , 2), qˆw = 0,
• For al i, aˆ2i = aˆi
• aˆiaˆi+1 = qˆ − 12(2aˆ0 + 2aˆ1 + aˆ−1 + aˆ2) + 2(aˆi + aˆi+1) for all i where aˆi =
aˆi+4 + aˆi+3 − aˆi+1.
• aˆiaˆi+2 = aˆi − aˆi+1 + aˆi−1 for all i where aˆi = aˆi+4 + aˆi+3 − aˆi+1.
This is an axial algebra of Majorana type (1
2
, 2) generated by {aˆ0, aˆ1} with
λ1 = λ2 = 1 and admits a flip. The only quotient of IV3(
1
2
, 2) which is not
given yet is IV3(
1
2
, 2)/Fqˆ. We denote it by IV3(12 , 2)
×.
3.6 Algebras V1(ξ,
5ξ−1
8 ), V2(ξ,
1
2) and their quotients
For ξ ∈ F\{0, 1, −1
3
, 1
5
, 9
5
}, let V1(ξ, 5ξ−18 ) be the F-space Fpˆ1⊕
⊕2
i=−2 Faˆi with
multiplication given by
• pˆ1pˆ1 = −5(3ξ+1)(5ξ−1)128 pˆ1 − (7ξ−3)(3ξ+1)(5ξ−1)2048 (aˆ2 + aˆ−2 + aˆ1 + aˆ−1 + aˆ0).
• pˆ1aˆi = 3ξ+18 pˆ1 + (5ξ−1)(9ξ−25)256 aˆi + (3ξ+1)(5ξ−1)128 (aˆi+1 + aˆi−1) for all i, where
aˆ3 = aˆ−2 and aˆ−3 = aˆ2.
• aˆiaˆi = aˆi for all i.
• aˆiaˆj = pˆ1 + 5ξ−18 (aˆi + aˆj) if |i− j| = 1 or 4.
• aˆiaˆj = −pˆ1 − 5ξ−116 (aˆ2 + aˆ−2 + aˆ1 + aˆ−1 + aˆ0) + 5ξ−18 (aˆi + aˆj) if |i− j| = 2
or 3.
This is an axial algebra of Majorana type (ξ, η) and admits a flip.
For ξ ∈ F \ {0, 1, 1
2
}, let V2(ξ, 12) be the F-space Fpˆ1 ⊕
⊕2
i=−2 Faˆi with
multiplication given by
• pˆ1pˆ1 = − (2ξ−1)(2ξ−3)32 (aˆ2 + aˆ−2 − 4(aˆ1 + aˆ−1) + 6aˆ0),
• pˆ1aˆi = 2ξ−18 (4pˆ1 − 2aˆi + aˆi+1 + aˆi−1) for all i, where aˆi+5 = aˆi + 5(aˆi+4 −
aˆi+1)− 10(aˆi+3 − aˆi+2).
• aˆiaˆi = aˆi for all i
• aˆiaˆi+1 = pˆ1 + η(aˆi + aˆi+1) for all i where aˆi+5 = aˆi + 5(aˆi+4 − aˆi+1) −
10(aˆi+3 − aˆi+2).
• aˆiaˆi+2 = 4pˆ1 − 14(aˆ2 + aˆ−2 − 4(aˆ1 + aˆ−1) + 6aˆ0) + η(aˆi + aˆi+2) for all i,
where aˆi+5 = aˆi + 5(aˆi+4 − aˆi+1)− 10(aˆi+3 − aˆi+2).
This is a axial algebras of Majorana type (ξ, η) and admits a flip.
The quotient of these algebras not given yet is V2(ξ,
1
2
)/F(aˆ2 + aˆ−2− 4(aˆ1 +
aˆ−1) + 6aˆ0). We denote this quotient by V2(ξ, 12)
×.
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3.7 Algebras VI1(ξ,
ξ
2), VI2(ξ,
−ξ2
4(2ξ−1)) and their quotients
For ξ ∈ F \ {0, 1, 2}, let VI1(ξ, ξ2) be the F-space Fqˆ ⊕ Fpˆ1 ⊕
⊕3
i=−2 Faˆi with
multiplication given by
• pˆ1pˆ1 = ξ216(qˆ − 2pˆ1 + ξ2(aˆ3 + aˆ2 + aˆ−2 + aˆ1 + aˆ−1 + aˆ0))− ξ
2+2ξ
8
pˆ1.
• qˆw = −7ξ2+2ξ
4
w for all w ∈ VI1(ξ, ξ2).
• pˆ1aˆi = ξ2 pˆ1 − ξ
2
4
aˆi +
ξ2
8
(aˆi+1 + aˆi−1)
• aˆiaˆi = aˆi for all i
• aˆiaˆj = pˆ1 + ξ2(aˆi + aˆj) if |i− j| = 1 or 5.
• aˆiaˆj = − ξ4(aˆ2 + aˆ−2 + aˆ0) + ξ2(aˆi + aˆj) if |i− j| = 2 or 4 and i is even.
• aˆiaˆj = − ξ4(aˆ3 + aˆ−1 + aˆ1) + ξ2(aˆi + aˆj) if |i− j| = 2 or 4 and i is odd.
• aˆiaˆj = qˆ−2pˆ1 + ξ2(aˆ3 + aˆ2 + aˆ−2 + aˆ1 + aˆ−1 + aˆ0) + ξ2(aˆi+ aˆj) if |i− j| = 3.
This is an axial algebras of Majorana type (ξ, ξ
2
) and admits a flip.
For ξ ∈ F \ {0, 1, 4
9
, 2
5
,−4 ± 2√5}, let VI2(ξ, −ξ24(2ξ−1)) be the F-space Fqˆ ⊕
Fpˆ1 ⊕
⊕3
i=−2 Faˆi with multiplication given by
• Set
r2,i = qˆ − (3ξ − 2)(5ξ − 2)
2
ξ2(9ξ − 4) pˆ1 +
(3ξ − 2)(5ξ − 2)
8(2ξ − 1) (aˆi+3 + aˆi+1 + aˆi−1)
+
21ξ2 − 18ξ + 4
8(2ξ − 1) (ri+2 + ri−2 + pˆi).
Then aˆiaˆj = r2,i + η(aˆi + aˆj) if |i− j| = 2 or 4 and
pˆ1pˆ1 =
ξ2(39ξ2 − 22ξ + 2)
16(2ξ − 1)2 pˆ1 −
ξ4(9ξ − 4)
32(2ξ − 1)2(5ξ − 2)r2,0
−ξ
4(3ξ − 1)(9ξ − 4)
128(2ξ − 1)3 (aˆ3 + aˆ1 + aˆ−1)
− ξ
4(3ξ − 1)(9ξ − 4)
64(2ξ − 1)2(5ξ − 2)(aˆ2 + aˆ−2 + aˆ0).
• qˆw = − (3ξ−2)(5ξ−2)(12ξ2−ξ−2)
8(2ξ−1)(9ξ−4) w for all w ∈ VI2(ξ, −ξ
2
4(2ξ−1)),
• pˆ1aˆi = (ξ − η)pˆ1 + ((1 − ξ)λ1 + η(ξ − η − 1))aˆi + η(ξ−η)2 (aˆi+1 + aˆi−1) for
all i where aˆ4 = aˆ−2, aˆ−3 = aˆ3 and λ1 =
−ξ2(3ξ−2)
16(2ξ−1)2 .
• aˆiaˆi = aˆi for all i.
• aˆiaˆj = pˆ1 + η(aˆi + aˆj) if |i− j| = 1 or 5.
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• aˆiaˆj = r3,i + η(aˆi + aˆj) if |i− j| = 3, where
r3,i =
2(2ξ − 1)
ξ
(2pˆ1 − ξ
2
4(2ξ − 1)(aˆi+1 + aˆi−1))
−2(2ξ − 1)
5ξ − 2 (2r2,i −
ξ2
4(2ξ − 1)(aˆi+2 + aˆi−2))
+
ξ2
4(2ξ − 1) aˆi+3 +
ξ(29ξ2 − 22ξ + 4)
4(2ξ − 1)(5ξ − 2) aˆi,
and aˆi+6 = aˆi.
This algebra is an axial algebras of Majorana type (ξ, η) and admits a flip.
The quotients of these algebras not given yet are as follows:
(i) VI1(
−2
7
, −1
7
)/Fqˆ where chF 6= 7.
(ii) VI2(
2
3
, −1
3
)/Fqˆ where chF 6= 3.
(iii) VI2(
1±√97
24
, 53±5
√
97
192
)/Fqˆ where F 3 √97 and chF 6= 3 nor 11
(iv) VI2(2, 7)/Fqˆ where chF = 11.
We denote these algebras by VI1(
−2
7
, −1
7
)×, VI2(23 ,
−1
3
)×, VI2(1±
√
97
24
, 53±5
√
97
192
)×
and VI2(2, 7)
×, respectively.
3.8 Algebra Z(2, 12)
Let Z(2, 1
2
) be the F-space
⊕
i∈Z>0 Fpˆi ⊕
⊕
i∈Z Faˆi with multiplication given
by:
• pˆipˆj = 34(pˆi + pˆj)− 38(pˆi+j + pˆ|i−j|) for all i and j.
• aˆiaˆj = pˆ|i−j| + 12(aˆi + aˆj) for all i and j, where p0 = 0.
• aˆipˆj = 32 pˆj − 34 aˆi + 38(aˆi−j + aˆi+j).
4 Main result
Our main result is the following theorem.
Theorem 1. An axial algebra of Majorana type (ξ, η) admitting a flip over a
field of characteristic neither 2 nor 5 is isomorphic to a primitive axial algebra
of Jordan type, a quotient of Z(2, 1
2
), or one of the algebras listed in Table 2.
Our proof of Theorem 1 mostly works even when chF = 5, and we obtain
the following theorem.
Theorem 2. An axial algebra of Majorana type (ξ, η) admitting a flip over
a field of characteristic 5 is isomorphic to a primitive axial algebra of Jordan
type, a quotient of Z(2, 1
2
), or one of the algebras listed in Table 2 unless D ≥ 6
.
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D d Universal types M Quotients M¯ of M D¯ d¯
3 4 III(ξ, η, 0)
with ξ /∈ {0, 1, 12} and η /∈ {0, 1, ξ}
III(ξ, 1−3ξ
2
3ξ−1 , 0)
×
with ξ /∈ {±13 , 1√3}
3 3
III(ξ, 12 , α) with ξ /∈ {0, 1, 12} III(ξ, 12 ,−3)×
III(−1, 12 , α)×
when chF 6= 3
4 5 IV1(
1
4 , η)
with η /∈ {0, 1, 14} when chF 6= 3
IV1(
1
4 ,
1
2)
× 4 4
IV1(ξ,
ξ
2) with ξ /∈ {0, 1, 2} IV1(−12 ,−14)×
when chF 6= 3, 5
IV2(
1
2 , η,
1−4η
2η ) with η /∈ {0, 1, 12}
IV2(ξ,
ξ2
2 ,
1
ξ )
with ξ /∈ {0, 1, 2,±√2}
IV2(−1, 12 ,−1)×
when chF 6= 3
4 4
IV2(ξ,
1−ξ2
2 ,
−1
ξ+1)
with ξ /∈ {0,±1,±√−1,−1±√2}
IV3(
1
2 , 2) when chF 6= 3 IV3(12 , 2)× 4 4
5 6 V1(ξ,
5ξ−1
8 )
with ξ /∈ {0, 1, −13 , 15 , 95}
V2(ξ,
1
2) with ξ /∈ {0, 1, 12} V2(ξ, 12)× 4 5
6 8 VI1(ξ,
ξ
2) with ξ /∈ {0, 1, 2} VI1(−27 , −17 )×
when chF 6= 7
6 7
VI2(ξ,
−ξ2
4(2ξ−1))
with ξ /∈ {0, 1, 49 , 25 ,−4± 2
√
5}
VI2(
2
3 ,
−1
3 )
×
when chF 6= 3
VI2(
1±√97
24 ,
53±5√97
192 )
×
when chF 6= 3, 11
and F 3 √97
VI2(2,−4)×
when chF = 11
Table 2: Axial algebras of Majorana type (ξ, η) admitting a flip which are not
of Jordan type, where D¯ is the axial dimension of M¯ and d¯ is the dimension
of M¯ .
Figure 1 and 2 describes a graph of (ξ, η) of Z(2, 1
2
) and 11 universal types
of the table 2 except III(ξ, η, 0) over R. The graphs of IV1(14 , η), IV2(ξ,
ξ2
2
, 1
ξ
),
V1(ξ,
5ξ−1
8
) and VI2(ξ,
−ξ2
4(2ξ−1)) intersect at the point (
1
4
, 1
32
), where the fusion
rule equals to V(4, 3).
Note 4.1. The algebras III(1
4
, 1
32
, 0), IV1(
1
4
, 1
32
), IV2(
1
4
, 1
32
, 4), V1(
1
4
, 1
32
) and
VI2(
1
4
, 1
32
) are isomorphic to the Norton-Sakuma algebras 3A, 4A, 4B, 5A and
6A, respectively ([7]).
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bb
b
III(ξ, 1
2
, α),V2(ξ,
1
2
)
ξ
η
Z(2, 1
2
)
IV1(ξ,
ξ
2
),VI1(ξ,
ξ
2
)
V1(ξ,
5ξ−1
8
)
IV2(ξ,
ξ2
2
, 1
ξ
)
IV2(
1
2
, η, 1−4η
2η
)
IV3(
1
2
, 2)
IV1(
1
4
, η)
IV2(ξ,
1−ξ2
2
, −1
ξ+1
)
VI2(ξ,
−ξ2
4(2ξ−1))
VI2(ξ,
−ξ2
4(2ξ−1))
Figure 1: The graphs of (ξ, η)’s which give axial algebra of Majorana type
admitting a flip.
b ξ
η
IV1(ξ,
ξ
2
),VI1(ξ,
ξ
2
)
V1(ξ,
5ξ−1
8
)
IV2(ξ,
ξ2
2
, 1
ξ
)
IV1(
1
4
, η) VI2(ξ,
−ξ2
4(2ξ−1))
Figure 2: An enlargement of Figure 1 around (0,0).
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Note 4.2. When M is isomorphic to III(ξ, η, 0) or its quotients of axial dimen-
sion 3, G is isomorphic to the dihedral group D6. When M is isomorphic to
IV1(ξ, η), IV2(ξ, η, µ) or their quotients of axial dimension 4, G is isomorphic to
the dihedral group D8. When M is isomorphic to V1(ξ,
5ξ−1
8
), G is isomorphic
to the dihedral group D10. When M is isomorphic to IV3(
1
2
, 2), IV3(
1
2
, 2)×,
VI1(ξ,
ξ
2
), VI2(ξ,
−ξ2
4(2ξ−1)), VI1(
−2
7
, −1
7
)×, VI2(23 ,
−1
3
)× or VI2(1±
√
97
24
, 53±5
√
97
192
)×, G
is isomorphic to the dihedral group D12.
Let us now describe an outline of the proof. The details will be given in the
next section.
Assume that ξ, η ∈ F\{0, 1} are distinct, M is an axial algebra of Majorana
type (ξ, η) generated by {a0, a1}, and M admits a flip. We prove the theorem
by the following steps.
Step 1. Suppose that (ξ, η) = (2, 1
2
) and λ1 = 1. If chF 6= 5 or D ≤ 5, then
M is a quotient of Z(2, 1
2
).
Assume that M is not isomorphic to quotients of Z(2, 1
2
).
Step 2. If D ≤ 3 and M is not of Jordan type, then one of the following
statements hold:
(1) ξ /∈ {0, 1, 1
2
}, η /∈ {0, 1, ξ} and M is isomorphic to III(ξ, η, 0).
(2) ξ /∈ {0, 1, 1
2
,±1
3
, 1√
3
} and M is isomorphic to III(ξ, 1−3ξ2
3ξ−1 , 0)
×.
(3) ξ /∈ {0, 1, 1
2
} and M is isomprphic to III(ξ, 1
2
, α).
(4) ξ /∈ {0, 1, 1
2
} and M is isomorphic to III(ξ, 1
2
,−3)×.
(5) chF 6= 3 and M is isomorphic to III(−1, 1
2
, α)×.
Step 3. If D = 4 and M satisfies an even relation, then ξ /∈ {0, 1, 1
2
} and M
is isomorphic to V2(ξ,
1
2
)×.
Step 4. If M is of axial dimension 4 and satisfies an odd relation, then one of
the following holds:
(1) chF 6= 3 and η /∈ {0, 1, 1
4
} and M is isomorphic to IV1(14 , η).
(2) chF 6= 3 and M is isomorphic to IV1(14 , 12)×.
(3) ξ /∈ {0, 1, 2} and M is isomorphic to IV1(ξ, ξ2).
(4) chF 6= 3, 5 and M is isomorphic to IV1(−12 ,−14)×.
(5) η /∈ {0, 1, 1
2
} and M is isomorphic to IV2(12 , η, 1−4η2η ).
(6) ξ /∈ {0, 1, 2,±√2} and M is isomorphic to IV2(ξ, ξ22 , 1ξ ).
(7) ξ /∈ {0,±1,±√−1,−1±√2} and M is isomorphic to IV2(ξ, 1−ξ22 , −1ξ+1).
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(8) chF 6= 3 and M is isomorphic to IV2(−1, 12 ,−1)×.
(9) chF 6= 3 and M is isomorphic to IV3(12 , 2) or its quotient IV3(12 , 2)×.
Step 5. If D = 5, then one of the following holds:.
(1) ξ /∈ {0, 1, −1
3
, 1
5
, 9
5
} and M is isomorphic to V1(ξ, 5ξ−18 ).
(2) ξ /∈ {0, 1, 1
2
} and M is isomorphic to V2(ξ, 12).
Step 6. If D ≥ 6 and chF 6= 5, then one of the following holds:
(1) ξ /∈ {0, 1, 2} and M is isomorphic to VI1(ξ, ξ2).
(2) chF 6= 7 and M is isomorphic to VI1(−27 , −17 )×.
(3) ξ /∈ {0, 1, 4
9
, 2
5
,−4± 2√5} and M is isomorphic to VI2(ξ, −ξ24(2ξ−1)).
(4) chF 6= 3 and M is isomorphic to VI2(23 , −13 )×.
(5) F 3 √97, chF 6= 3, 11 and M is isomorphic to VI2(1±
√
97
24
, 53±5
√
97
192
)×.
(6) chF = 11 and M is isomorphic to VI2(2,−4)×.
5 Proof of the theorem
Let M be an axial algebra of Majorana type (ξ, η) generated by {a0, a1} over a
field F of characteristic not 2 admitting a flip. Recall the notations in Section
2 and recall that fi ∈ G denotes the automorphism fi = (θ ◦ τ0)i.
5.1 Proof of Step 1
Assume that (ξ, η, λ1) = (2,
1
2
, 1) and either chF 6= 5 or D ≤ 5 holds.
Claim 5.1. pi,j = pi,0 and λi = 1 for all i ∈ Z>0 and j ∈ Z.
Proof. First, we consider the case when chF 6= 5. We prove the claim by
induction on i. If i = 1, then p1,0 = pi,j for all j. Assume that pj,l = pj,0 for all l
and λj = 1 if j < i. Since a0(xkxi−k−zkzi−k−ϕ0(xkxi−k)a0) = 0, for 0 < k < i,
there exist ρk ∈ F such that a0(pi,k + pi,−k) = 3pi,0 + 2ρka0 + 34(ai + a−i). This
suffices if k = 0.
p1pi−1,0 =
1
2
a0(z1xi−1 − z1zi−1)− (z1xi−1 − p1pi−1,0)
= (−3
4
ρ1 +
9
16
)a0 +
3
4
(p1 + pi−1,0)− 3
8
pi−2,0 +
3
16
(pi,1 + pi,−1 − 4pi,0).
Since fi(pi−1,0) = pi−1,0 and fi(pi−2,0) = pi−2,0 by the inductive hypothesis,
ρ1 =
3
4
or a0 = ai. If a0 = ai, pi,j = 0 for all j. So we may assume a0 6= ai
and ρ1 =
3
4
. Then, since fk(p1pi−1,0) = p1pi−1,0, pi,1 + pi.−1 − 4pi,0 = pi,k+1 +
pi,k−1 − 4pi,k. If F[
√
3] 3 (2 +√3)i 6= 1, then pi,k = pi,0 for all k.
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If (2 +
√
3)i = 1, then
pi,k = (2− (2 +
√
3)k + (2−√3)k
2
)pi,0
+
(1 +
√
3)(2 +
√
3)k − (1−√3)(2−√3)k − 2√3
4
√
3
pi,1
+
(1 +
√
3)(2−√3)k − (1−√3)(2 +√3)k − 2√3
4
√
3
pi,−1
and i ≥ 5. Since
p2,0pi−2,0 =
1
2
a0(z2xi−2 − z2zi−2)− (z2xi−2 − p2pi−2,0)
= −(3
4
ρ2 +
9
16
)a0 +
3
4
(p2 + pi−2,0)− 3
8
pi−4,0 +
3
16
(pi,2 + pi,−2 − 4pi,0),
0 = pi,2 + pi.−2− 4pi,0− (pi,3 + pi,−1− 4pi,1) = 10(pi,0− pi,1) and then pi,k = pi,0
for all k.
If pi,1 = pi,0, then ρ1 = −λi + 14 . Since ρ1 = 34 , λi = 1.
In the case when D ≤ 5 and chF = 5, we prove it by induction about
i, too. p2,1 = p2,0 and λ2 = 1 by the same calculation as the case when
chF 6= 5. Since there exist α−2 . . . α2 ∈ F such that a3 =
∑2
j=−2 αjaj in this
case, ai = fi−3(a3) =
∑2
j=−2 αjai+j−3. Set i ≥ 3 and assume that pk,l = pk,0
for all l if k < i. Then pi,0 =
∑2
j=−2 αjp|i+j−3|,0 + (
∑2
j=−2 αj − 1)ηa0. Since
fi(pi,0) = pi,0,
∑2
i=−2 αi = 1 or a0 = ai by the inductive hypothesis. So
pi,k = pi,0. By the same calculation as the case when chF 6= 5, λi = 1 holds.
By this claim, pi,0pj,0 =
1
2
a0(zixj − zizj) − (zixj − pipj) = 34(pi,0 + pj,0) −
3
8
(pi+j,0 +p|i−j|,0) for all i, j ∈ Z. Thus there exists a surjective homomorphism
Z(2, 1
2
) to M such that aˆi 7→ ai and pˆi 7→ pi,0. Thus M is a quotient of Z(2, 12).
5.2 Proof of Step 2
From this subsection, we assume that M is not isomorphic to quotients of
Z(2, 1
2
). By Step 1, (ξ, η, λ1) 6= (2, 12 , 1) if chF 6= 5 or D ≤ 5.
Assume D ≤ 3.
Claim 5.2. D = 3 and dimM ≥ 3.
Proof. Since M is not of Jordan type, M(a0, η),M(a0, ξ) 6= 0. Thus dimM ≥
3.
If D = 1, then M ∼= F and it is of Jordan type. Hence it suffices to verify
that when D = 2, M is of Jordan type.
When M satisfies an odd relation, τ0(w) = w for all w ∈M = 〈a0, a1〉alg and
M(a0, η) = 0 since a1 = a−1 = τ0(a1). Hence M is of Jordan type in this case.
Therefore it suffices to consider the case when M satisfies an even relation.
Then, a1 + a−1 + αa0 = 0 for some α ∈ F and
0 = a0(a1 + a−1 + αa0) = 2p1 + (α(1− η) + 2η)a0.
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By the G-invariance of p1, α(1− η) + 2η = 0 and then p1 = 0. By Lemma 2.4,
dimM < 3 and then M is of Jordan type.
Hence it suffices to consider the case with D = 3.
Claim 5.3. M satisfies an odd relation.
Proof. Assume that M satisfies an even relation. Then there exists α ∈ F such
that a2 + a−1 + α(a1 + a0) = 0. Since
0 = a0(a2 + a−1 + α(a1 + a0)) = p2,0 + (α + 1)p1 + (α + 2η)a0,
α = −2η and p2,0 = (2η − 1)p1. Then p1 /∈ SpanF{ai | i ∈ Z} because p1 = 0
if p1 ∈ SpanF{ai | i ∈ Z}. Thus
0 = p1(a2 + a−1 + α(a1 + a0)) ∈ SpanF{ai | i ∈ Z}+ 2(α + 1)(ξ − η)p1,
α = −1, η = 1
2
and dimM = 4. By the G-invariance of p1
2, there exists µ ∈ F
such that p1
2 = µp1. Since dimM = 4,
F(p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1)) = M(a0, ξ),
F(p1 − ((1− ξ)λ1 − 1
2
)a0 − 2ξ − 1
4
(a1 + a−1)) = M(a0, 0)
and
( p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1))2
∈ Fa0 + (µ− 2ξλ1 + 2ξ − 1
2
)p1 − 2ξ − 1
4
(2λ1 − 1)(a1 + a−1),
µ = 2(ξ + 1)λ1 − 4ξ+12 . Since
( p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1))(p1 − ((1− ξ)λ1 − 1
2
)a0 − 2ξ − 1
4
(a1 + a−1))
= ((ξ2 + ξ + 2)λ1 − ξ2 − 1)p1
+(1− ξ)(((ξ − 1)λ21 −
ξ − 2
2
λ1 +
ξ − 1
2
)a0 +
3− 4ξ
4
λ1 +
ξ − 1
4
)(a1 + a−1))
∈M(a0, ξ),
λ1 = 1 and ξ = 2. Thus (ξ, η, λ1) = (2,
1
2
, 1) in the case. Hence M satisfies an
odd relation.
Hence it suffices to verify the following claim.
Claim 5.4. Let M satisfy an odd relation. Then M is isomorphic to III(ξ, η, 0),
III(ξ, 1
2
, α) or their quotients.
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Proof. There exists α ∈ F such that a2 − a−1 + α(a1 − a0) = 0. Since
0 = a0(a2 − a−1 + α(a1 − a0)) = p2,0 + (α− 1)p1 + α(2η − 1)a0,
p2,0 = (1− α)p1 and either α or 2η − 1 is 0 .
Let q = p1− ξ−η2 ((α+1)a0+a1+a−1). Then qa0 = ((1−ξ)λ1− ξ−η2 α− η+ξ2 )a0.
Since f(q) = q and τ0(q) = q, qai = ((1 − ξ)λ1 − ξ−η2 α − η+ξ2 )ai for all i ∈ Z.
By Lemma 2.3, q2 = ((1− ξ)λ1− ξ−η2 α− η+ξ2 )q and then M = Fq+
∑1
i=−1 Fai.
Since
q − (λ1 − ξ − η
2
α− ξ + η
2
)a0 +
1
2
(a1 + a−1) ∈M(a0, ξ),
M(a0, 0)⊕M(a0, 1) = Fq ⊕ Fa0
3 (q − (λ1 − ξ − η
2
α− ξ + η
2
)a0 +
1
2
(a1 + a−1))2
∈ Fq ⊕ Fa0
+ξ((1− 2ξ)λ1 + (ξ − 2)(ξ − η)
4
α +
3ξ2 + 3ξη − ξ − 2η
4
)(a1 + a−1).
Thus (1−2ξ)λ1 + (ξ−2)(ξ−η)4 α+ 3ξ
2+3ξη−ξ−2η
4
= 0 or a1 +a−1−2λ1a0 ∈M(a0, 0).
If a1 + a−1− 2λ1a0 ∈M(a0, 0), then M(a0, ξ) = 0 and hence M is of Jordan
type.
So we may assume (1 − 2ξ)λ1 + (ξ−2)(ξ−η)4 α + 3ξ
2+3ξη−ξ−2η
4
= 0. Then there
exists a surjective homomorphism from III(ξ, η, α) to M such that aˆi 7→ ai and
qˆ 7→ q. Since either α or 2η − 1 is 0, M is isomorphic to III(ξ, η, 0), III(ξ, 1
2
, α)
or their quotients.
In the case whenM is isomorphic to a quotient of III(ξ, η, 0) or III(ξ, 1
2
, α), q =
0 since M is not of Jordan type. Therefore M is isomorphic to III(ξ, 1−3ξ
2
3ξ−1 , 0)
×.
III(ξ, 1
2
,−3)× or III(−1, 1
2
, α)×. Since η /∈ {0, 1, ξ}, ξ /∈ {±1
3
,± 1√
3
} if M is
isomorphic to III(ξ, 1−3ξ
2
3ξ−1 , 0)
× and chF 6= 3 if M is isomorphic to III(−1, 1
2
, α)×.
Hence the proof of Step 2 is completed.
5.3 Proof of Step 3
Assume that D = 4 and M satisfies an even relation. In this case, there exist
α, β ∈ F such that a2 + a−2 + α(a1 + a−1) + βa0 = 0. Since
0 = a0(a2 + a−2 + α(a1 + a−1) + βa0)
= 2p2,0 + 2αp1 + (η(2α− β + 2) + β)a0,
η(2α − β + 2) + β = 0 and p2,0 = −αp1. If p1 ∈ SpanF{ai | i ∈ Z}, then, by
the G-invariance of p1, p1 = 0 and it contradicts Lemma 2.4. Thus we may
assume that p1 /∈ SpanF{ai | i ∈ Z} and M = Fpi ⊕ SpanF{ai | i ∈ Z}. Since
0 = p1(a2 + a−2 + α(a1 + a−1) + βa0)
∈ SpanF{ai | i ∈ Z}+ (ξ − η)(2α + β + 2)p1,
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β = −2(α+ 1) and then 0 = η(2α− β + 2) + β = 2(α+ 1)(2η − 1). Since 0 =
a−1(a2+a−2+α(a1+a−1)+βa0), a−1a2 = (α+1)2p1+ηa2+((2α+1)η−α)a−1.
Then, since a−1a2 is invariant under the flip, α(2η − 1) = 0. Hence η = 12 . By
the G-invariance of p1, there exists µ ∈ F such that p12 = µp1. Then,
( p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1))2
∈M(a0, 0)⊕M(a0, 1) = Fa0 ⊕ F(p1 − 2ξ − 1
4
(a1 + a−1)
and
( p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1))2
∈ Fa0 + (µ− 2ξλ1 + 2ξ − α + 4
8
)p1 − 2ξ − 1
4
(2λ1 − 1 + α
4
)(a1 + a−1).
Hence µ = 3α
8
+ 2(ξ + 1)λ1 − 2ξ − 12 . Then,
( p1 −(λ1 − 1
2
)a0 +
1
4
(a1 + a−1))(p1 − ((1− ξ)λ1 − 1
2
)a0 +
2ξ − 1
4
(a1 + a−1))
= (
ξ + 1
4
α + (ξ2 + ξ + 2)λ1 − ξ2 − 1)p1
+(1− ξ)((ξ − 1)λ21 −
ξ − 2
2
λ1 +
ξ − 1
2
+
(2ξ − 1)α
8
)a0
+(1− ξ)(3− 4ξ
4
λ1 − 2ξ − 1
16
α +
ξ − 1
4
)(a1 + a−1)
∈ M(a0, ξ) = F(p1 − ((1− ξ)λ1 − 1
2
)a0 +
2ξ − 1
4
(a1 + a−1)).
Therefore (λ1, α) = (1,−4) or (λ1, ξ) = (1, 2). Since (ξ, η, λ1) 6= (2, 12 , 1),
(λ1, α) = (1,−4). Thus there exists a surjective homomorphism from V2(ξ, 12)
to M such that aˆi 7→ ai and pˆ1 7→ p1 and its kernel is F(aˆ2 + aˆ−2 − 4(aˆ1 +
aˆ−1) + 6aˆ0). Hence M is isomorphic to V2(ξ, 12)
× and ξ 6= 1
2
.
5.4 Proof of Step 4
Assume that D = 4 and M satisfies an odd relation. Let α be an element of
F such that a2 − a−2 + α(a1 − a−1) = 0.
Claim 5.5. One of the following holds:
(i) α = 0.
(ii) α = 1 and p2,0 − p2,1 = (2η − 1)(a−1 − a2).
(iii) 2η = 1 and p2,0 = p2,1.
Proof. a−1a2 = p1 − αp2,1 + ηa2 + ((1− 2η)α + η) in this case. Since a−1a2 is
invariant under the flip, α(p2,0 − p2,1 + (2η − 1)(a2 − a−1)) = 0. So a2 = a−2
or p2,0 − p2,1 = (2η − 1)(a−1 − a2).
Since p2,1 − p2,0 ∈ SpanF{ai | i ∈ Z} and p2,1 − p2,0 = τ0(p2,1 − p2,0) =
−θ(p2,1 − p2,0), p2,1 − p2,0 = δ(a2 − a−1 + (α − 1)(a1 − a0)) for some δ ∈ F.
Hence if p2,0 − p2,1 = (2η − 1)(a−1 − a2), then α = 1 or 2η = 1.
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First, we assume α = 0.
Claim 5.6. dimM ≤ 5.
Proof. If ξ = 2η, then dimM ≤ 5.
Thus it suffices to verify that (ξ, η, λ1) = (2,
1
2
, 1) if ξ 6= 2η and dimM ≥ 6.
By the invariance, there exist µ ∈ F such that p2,1−p2,0 = µ(a2−a1−a−1−a0).
Then, by the coefficient of p1 and p2,0 in a0p2,1, µ =
−(ξ−η)(ξ−4η)
ξ−2η and λ1 =
2ξ2+8ξη−4η2−ξ−2η
4(2ξ−1) . Thus ξ 6= 12 and then λ2 = ξ2 by the structure of 〈a0, a2〉alg.
Set
q = p1 +
ξ − 2η
4η
p2,0 − ξ − η
2
(a1 + a−1)− (ξ − 2η)(ξ − η)
4η
(a2 + a0).
Then qai = piai and qq = piq where pi = (1− ξ)λ1 + −ξ3−8η2−ξ2+2ξη+2ξ2η8η . Since
(q−(λ1+−ξ
4 + 2ξη − 8η2
8η
)a0+
ξ
2
(a1+a−1)+
ξ(ξ − 2η)
4η
a2)
2 ∈M(a0, 0)⊕M(a0, 1),
η = 1
2
, ξ = 2 and λ1 = 1. Hence dimM ≤ 5.
Claim 5.7. M(a0, ξ) is of dimension 1.
Proof. Assume dimM(a0, ξ) = 2. If a1 + a−1 − 2λ1a0 ∈M(a0, ξ), then p1 = 0
by the invariance. Hence there exists µ ∈ F such that a2+µ(a1+a−1)−(2µλ1+
λ2)a0 ∈ M(a0, ξ) and p1 /∈ SpanF{ai | i ∈ Z}. Then a0a2 = −2µp1 + ((1 −
ξ)(2µλ1+λ2)−2µη)a0+ξa2+µ(ξ−η)(a1+a−1) and (1−ξ)(2µλ1+λ2) = 2µη+ξ.
Let us consider the case with µ = 0. Then 〈a0, a2〉alg is a 2-dimensional
primitive axial algebra of Jordan type ξ. So, by Lemma 3.1, ξ = −1 or 1
2
. In
the case with ξ = −1,
(a2 +
1
2
a0)(p1 − (λ1 − η)a0 + η
2
(a1 + a−1))
= −3
4
(2p1 − 2(λ1 − η)a0 + η(a1 + a−1) + 4(λ1 − η)a2)
∈M(a0, 0)⊕M(a0, 1) = F(p1 + η + 1
2
(a1 + a−1))⊕ Fa0.
Therefore F is of characteristic 3 and then −1 = 1
2
.
So we may assume ξ = 1
2
. Since
( a0a1)(p1 − (λ1
2
− η)a0 + 2η − 1
4
(a1 + a−1))
= (a0(a1(p1 − (λ1
2
− η)a0 + 2η − 1
4
(a1 + a−1)))
by the Seress condition,
p1
2 = (
λ1
2
+ 2η2 − 2η)p1 +(1− 2η
4
λ1 + η
3 − η
4
)a0
+(
1− 2η
8
λ1 + η
3 − η
2
2
)(a1 + a−1) + (η3 − η2 + η
4
)a2.
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By the G-invariance of p1, λ1 = 2η. Therefore
(p1 − ηa0 + η
2
(a1 + a−1))2 =−ηp1 − 2η
2 − η
4
(a0 + a1 + a2 + a−1)
∈M(a0, 0)⊕M(a0, 1).
But it cannot be true because η 6= 0, 1
2
.
So, we may assume µ 6= 0. Then, 〈a0, a2〉alg is a 2-dimensional primitive
axial algebra of Jordan type ξ. Set
q = − 1
2µ
(a0a2 − ξ(a2 + a0)) = p1 − ξ − η
2
(a1 + a−1).
By the structure of 〈a0, a2〉alg,
qw = − 1
2µ
((1− ξ)λ2 − ξ)w = ((1− ξ)λ1 − η)w
for all w ∈ 〈a0, a2〉alg. Thus q2 = ((1− ξ)λ1 − η)q and then
p1
2 = ((1− ξ)λ1 − η + (µ+ 2)(ξ − η))p1 − (ξ − η)
2
2
((ξ − η)µ− 2η)(a0 + a2)
+(ξ − η)(1− ξ
2
λ1 +
η
2
− (2ξ + 1)(ξ − η)
4
+ η(ξ − η − 1))(a1 + a−1).
By the G-invariance of p1,
(1− ξ)λ1 = −(ξ − η)2µ+ ξ2 − ξη + ξ + η
2
.
Since
(q − ((1− ξ)λ1 − η)a0)(a2 + µ(a1 + a−1)− (2µλ1 + λ2)a0) ∈M(a0, ξ),
q (a1 + a−1)− ((1− ξ)λ1 − η)(a1 + a−1)
= (ξ − η)(2(µ+ 1)p1 + 2η − 2ξ − 1
2
(a1 + a−1) + (−(ξ − η)µ+ η)(a0 + a2))
∈M(a0, ξ).
So (η, µ) must agree with (1
2
,−1). Since
(q − (λ1 − 1
2
)a0 +
ξ
2
(a1 + a−1))(a0 + a2 − a1 − a−1)
= (−ξλ1 + 2ξ2)(a0 + a2) + (−ξλ1 + ξ2 − 2ξ + 1
4
)(a1 + a−1)
∈M(a0, 0)⊕M(a0, 1) = Fa0 ⊕ Fq,
λ1 = 2ξ and ξ
2 + 2ξ − 1
4
= 0. Furthermore, since λ2 =
ξ
2
by Lemma 3.1,
λ1 =
ξ
4
+ 1
2
and by the argument above, (1− ξ)λ1 = 2ξ2 − ξ + 12 . There exists
no ξ ∈ F satisfying all of these conditions. Hence M cannot be an axial algebra
of Majorana type in this case and then the claim is proved.
21
Thus we may assume dimM(a0, ξ) = 1. If a1 + a−1 − 2λ1a0 ∈ M(a0, ξ),
then p1 = 0 by the invariance. Hence there exists µ ∈ F such that a2 + µ(a1 +
a−1)− (2µλ1 +λ2)a0 ∈M(a0, 0). Then, a0a2 = −2µp1 + (2µλ1 +λ2−2µη)a0−
µη(a1 + a−1). By the τ1-invariance of a0a2, 2µλ1 + λ2 = 2µη.
Claim 5.8. Let µ = 0. ThenM is isomorphic to IV1(
1
4
, η), IV1(ξ,
ξ
2
), IV1(
1
4
, 1
2
)×
or IV1(−12 ,−14)×.
Proof. In this case, λ2 = 0 and a0a2 = a1a−1 = 0. Set q = p1 − ξ−η2 (a0 + a1 +
a−1 + a2). Then, aiq = ((1 − ξ)λ1 − ξ+η2 )ai for i = −1, 0, 1, 2. So, by Lemma
2.3, q2 = ((1− ξ)λ1− ξ+η2 )q. Set pi = (1− ξ)λ1− ξ+η2 . Since a2 ∈M(a0, 0) and
M(a0, ξ) = F(q − (λ1 − ξ + η
2
)a0 +
ξ
2
(a1 + a−1) +
ξ − η
2
a2)
in this case,
a2(q − (λ1 − ξ + η
2
)a0 +
ξ
2
(a1 + a−1) +
ξ − η
2
a2)
= ξq +
ξ(ξ − η)
2
a0 +
ξ2
2
(a1 + a−1) + (pi +
ξ(ξ + η) + ξ − η
2
)a2 ∈M(a0, ξ).
Hence λ1 = η. Thus there exists a surjective homomorphism from IV1(ξ, η) to
M such that aˆi 7→ ai and qˆ 7→ q. Furthermore,
(q − (λ1 − ξ + η
2
)a0 +
ξ
2
(a1 + a−1) +
ξ − η
2
a2)
2 ∈M(a0, 0)⊕M(a0, 1)
and
( q − (λ1 − ξ + η
2
)a0 +
ξ
2
(a1 + a−1) +
ξ − η
2
a2)
2
∈M(a0, 0)⊕M(a0, 1) + ξ(4ξ − 1)(ξ − 2η)
4
(a1 + a−1).
Since a1 + a−1 − 2λ1a0 /∈M(a0, 0), ξ = 14 or ξ = 2η.
In the case when M is isomorphic to IV1(ξ, η)/I for some ideal I of IV1(ξ, η),
I ⊂ M(a0, 0) since M is not of Jordan type. Thus I = Fq and q ∈ M(a0, 0)
since M is of axial dimension 4. Hence M is isomorphic to IV1(
1
4
, 1
2
)× or
IV1(−12 ,−14)×.
If M is isomorphic to IV1(
1
4
, η) or its quotients, then chF 6= 3 since 1
4
6= 1.
If M is isomorphic to IV1(ξ,
ξ
2
), then ξ 6= 2 since η 6= 1. If M is isomorphic to
IV1(−12 ,−14), then chF 6= 3, 5 since ξ 6= 1 6= η. Thus Step 4 (1), (2), (3) or (4)
hold in the case when µ = 0.
Claim 5.9. Let µ 6= 0. Then M is isomorphic to IV2(12 , η, 1−4η2η ), IV2(ξ, ξ
2
2
, 1
ξ
),
IV2(ξ,
1−ξ2
2
, −1
ξ+1
) or IV2(−1, 12 ,−1)×.
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Proof. In this case,
M(a0, 0)3 (a2 + µ(a1 + a−1)− 2µηa0)2
∈M(a0, 0) + µ(µ− 1)(−2(µ+ 1)ξ + 2µ(µ+ 2)η + 1)(a1 + a−1)
+2µ(1− µ2)(2(1− ξ)λ1) + η(2µη − 1))a2.
Thus µ = 1, (µ, η) = (−1, 1
2
) or 2(µ + 1)ξ − 2µ(µ + 2)η − 1 = 2(1 − ξ)λ1 −
η(1− 2µη) = 0. Furthermore,
( a2 +µ(a1 + a−1)− 2µηa0)(p1 − (λ1 − η)a0 + η
2
(a1 + a−1))
= (ξ + 2(ξ − η − ξη)µ− 2µ2η)p1
+((1− ξ)λ1 − µ2η2 + µη(ξ − η) + η(ξ − 1))a2
+(µ(1− ξ)λ1 + (ξη − η2 − η
2
− ξη2)µ+ ξη
2
)(a1 + a−1)
+(−2µη(1− ξ)λ1 − µ2η2 + (−2ξη2 + η2 + ξη)µ)a0
∈ F(p1 − (λ1 − η)a0 + η
2
(a1 + a−1)) = M(a0, ξ).
If µ = 1, then p1 /∈ SpanF{ai | i ∈ Z}. Thus 4ξ − 6η − 1 = 0 and λ1 = 2η3 .
If µ = −1, then ((1 − ξ)λ1 − 12)(a2 − a1 − a−1 + a0) ∈ M(a0, ξ). Hence
λ = 1
2(1−ξ) . Thus 2(µ+1)ξ−2µ(µ+2)η−1 = 0 and λ1 = η(1−2µη)2(1−ξ) for all µ 6= 0.
Since 〈a0, a2〉alg is of Jordan type, w(a0a2 − ξ(a0 + a2)) = ((1− ξ)λ2 − ξ)w
for all w ∈ 〈a0, a2〉alg by Lemma 3.1. So,
(p1 +
η
2
(a1 + a−1))(a0a2 − ξ(a0 + a2)) = ((1− ξ)λ2 − ξ)(p1 + η
2
(a1 + a−1))
and then
p1
2 = (2η2 − ηξ − 1
2
η +
ξ − 2ξ2
2µ
)p1
+(
η3µ
2
+ η3 − ξη
2
2
+
ξη − 2ξ2η
4µ
)(a0 + a1 + a−1 + a2).
Thus there exists a surjective homomorphism from IV2(ξ, η, µ) to M such that
aˆi 7→ ai and pˆ1 7→ p1. Hence M is isomorphic to IV2(ξ, η, µ) or its quotient.
Furthermore, by Lemma 3.1, λ2 =
ξ
2
or ξ = 1
2
.
In the case with ξ = 1
2
, µ = 1−4η
2η
.
In the case with λ2 =
ξ
2
, (µ, η) = (1
ξ
, ξ
2
2
) or ( −1
ξ+1
, 1−ξ
2
2
).
In the case when M is isomorphic to IV2(ξ, η, µ)/I for some ideal I, I ⊂
M(a0, 0) since M is not of Jordan type. Therefore I = F((1−µ)p1− ξ−η2 (a2 +
a1 + a−1 + a0) = 0) where µ 6= 1 since M is of axial dimension 4. Thus
(ξ, η, µ) = (−1, 1
2
,−1) and M is isomorphic to IV2(−1, 12 ,−1)×.
If M is isomorphic to IV2(ξ,
ξ2
2
, 1
ξ
), then ξ /∈ {0, 1, 2,±√2}.since η 6= 1, ξ. If
M is isomorphic to IV2(ξ,
1−ξ2
2
, −1
ξ+1
), then ξ /∈ {0,±1,±√−1,−1 ±√2} since
η /∈ {0, 1, ξ}. If M is isomorphic to IV2(−1, 12 ,−1)×, then chF 6= 3 since ξ 6= η.
Thus Step 4 (5), (6), (7) or (8) hold in the case with µ 6= 0.
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Next, we consider the case when α = 1 and η 6= 1
2
and show that Step 4
(9) holds in this case. In this case, a3 = a−1 + a0 − a2 and then a3 = a−3. So
〈a0, a3〉alg is of Jordan type ξ and 〈a0, a2〉alg is of Jordan type η or isomorphic
to III(ξ, η, 0).
When dimM ≥ 6, then 〈a0, a2〉alg is isomorphic to III(ξ, η, 0) and ξ 6= 12 .
In this case, a0a3 6= 0 and then λ3 = ξ2 . Since a0(p2,0 − p2,1) = a0(a−1 − a2),
(ξ, η) = (2, 1
2
).
Thus we may assume dimM ≤ 5. Then
p2,0 = γp1 + δa0 + δa1 +
δ + 2η − 1
2
a−1 +
δ − 2η + 1
2
a2.
Since a0a3 = p1 − p2,0 + η(a−1 − a2) + a0, a0a3 6= 0 and then λ3 = ξ2 or ξ = 12 .
Claim 5.10. M(a0, ξ) cannot be of dimension 2.
Proof. Assume dimM(a0, ξ) = 2. Then, dimM = 5 and a2 /∈ M(a0, 1) ⊕
M(a0, 0)⊕M(a0, η). Thus 〈a0, a2〉alg is isomorphic to III(ξ, η, 0). Hence ξ 6= 12 .
Since dimM(a0, 0) = 1,
p2,0 − ((1− ξ)λ2 − η)a0 − ξ − η
2
(2a2 + a1 − a−1)
= γp1 + (δ − (1− ξ)λ2 + η)a0
+(δ − ξ − η
2
)a1 +
δ + ξ + η − 1
2
a−1 +
δ − 2ξ + 1
2
a2
= γ(p1 − ((1− ξ)λ1 − η)a0 − ξ − η
2
(a1 + a−1)).
Therefore (γ, δ, λ2) = (
3ξ+η−1
η−ξ , 2ξ − 1, 3ξ+η−2η−ξ λ1 + (ξ+η)(2ξ−1)(η−ξ)(ξ−1) ). Thus
z′ = a2 − 2ξ − 1
η − ξ a1 −
η + ξ − 1
η − ξ a−1 −
(ξ + η)(2ξ − 1)
(η − ξ)(ξ − 1) a0 ∈M(a0, ξ).
Since z′z′ ∈ M(a0, 0) ⊕ M(a0, 1), ϕ0(a3) = λ1 − λ2 + 1 = ξ2 and λ2 =
−3ξ3−4ξη+ξ+2η
4(1−2ξ) , (ξ, η) must be (1,−1) if ξ, η 6= 0, 12 . Because ξ 6= 1, it is a
contradiction and then the claim is proved.
Thus we may assume dimM(a0, ξ) = 1. Then
p2,0 − (λ2 − η)a0 + η
2
(2a2 + a1 − a−1)
= γp1 + (δ − λ2 + η)a0 + (δ + η
2
)a1 +
δ + η − 1
2
a−1 +
δ + 1
2
a2
= γ(p1 − (λ2 − η)a0 + η
2
(a1 + a−1)).
Therefore (γ, δ, λ2) = (1− 2η ,−1, η−2η λ1+1). Then, ηa2+a1+(1−η)a−1−ηa0 ∈
M(a0, 0). Since
(ηa2 + a1 + (1− η)a−1 − ηa0)2
∈M(a0, 0)− (ξ − 1)(2η − 1)(η − 2)(a1 + a−1 − 2
η
a0),
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η = 2 and then λ2 = 1. Furthermore, since
(p1 − (λ1 − 2)a0 + (a1 + a−1))(2a2 + a1 − a−1 − 2a0)
= (1− ξ)(λ1 − 1)(2a2 + a1 − a−1 − 2a0) ∈M(a0, ξ),
λ1 = 1. Since ϕ0(a3) = 1 and 〈a0, a3〉alg is of Jordan type ξ 6= 2, ξ = 12 .
Since ξ 6= η, chF 6= 3. Set q = p1 + 12(2a0 + 2a1 + a−1 + a2). Then qai = 0
for i = −1, 0, 1, 2. So, by Lemma 2.3, q2 = 0. Thus there exists a surjective
homomorphism from IV3(
1
2
, 2) to M such that aˆi 7→ ai and qˆ 7→ q. Hence M
is isomorphic to IV3(
1
2
, 2) or its quotient. If M is a quotient, then q = 0 and
M is isomorphic to IV3(
1
2
, 2)×. Thus Step 4 (9) holds in this case.
Hence it suffices to verify that η 6= 1
2
when α 6= 0. Assume η = 1
2
and α 6= 0.
If D ≤ 5, then it follows that p2,0 = p2,1 = γp1 + ((α+ 1)(a0 + a1) + a−1 + a2)
for some γ,  ∈ F. If dimM = 4, then p2,0 = δp1 for some δ ∈ F. Then
0 = a0(δp1 − p2,0). But this cannot be true because D = 4.
Let dimM ≥ 6. Then, ξ = 2 and since the coefficient of p1 in a0p2,1 is 0,
λ1 = 1. Thus we may assume dimM ≤ 5.
Claim 5.11. dimM(a0, 0) 6= 2.
Proof. Assume dimM(a0, 0) = 2. Since dimM(a0, ξ) = 1,
p2,0 − (λ2 − 1
2
)a0 +
1
4
(a2 + a−2)
= γp1 − (λ2 − (α + 1)− 1
2
)a0 + ((α + 1)+
α
4
)a1 + (− α
4
)a−1 + (+
1
2
)a2
= γ(p1 − (λ2 − 1
2
)a0 +
1
4
(a1 + a−1)).
Therefore (γ, , λ2) = (−(α + 2),−12 ,−(α + 2)λ1 + 1). Then, ai((α + 1)(a0 +
a1) + a−1 + a2) = (α + 2)ai for i = −1, 0, 1, 2. So, by Lemma 2.3,
0 = ((α + 1)(a0 + a1) + a−1 + a2)p1 − (α + 2)p1
= 2(α + 2)(ξ − 1)p1 − (λ1 − 1)(ξ − 1)((α + 1)(a0 + a1) + a−1 + a2).
Hence α = −2 and λ1 = 1 in this case, dimM(a0, 0) 6= 2.
Thus we may assume dimM(a0, 0) = 1. Then,
p2,0 − ((1− ξ)λ2 − 1
2
)a0 − 2ξ − 1
4
(a2 + a−2)
= γp1 − ((1− ξ)λ2 − (α + 19− 1
2
)a0 + ((α + 1)− 2ξ − 1
4
α)a1
+(+
2ξ − 1
4
α)a−1 + (− 2ξ − 1
2
)a2
= γ(p1 − ((1− ξ)λ1 − 1
2
)a0 − 2ξ − 1
4
(a1 + a−1).
Therefore (γ, , λ2) = (−(α + 2), 2ξ−12 ,−(α + 2)λ1 + ξα+ξ+11−ξ ). Then,
(ξ − 1)a0 + (α + 1)(ξ − 1)a1 + (ξ − 1)a−1 + (ξα + ξ + 1)a0 ∈M(a0, ξ).
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If α 6= −2, then dim〈a0, a2〉alg = 4 and then, by Claim 5.3, M is isomorphic
to III(ξ, 1
2
, 1− α2). Thus λ2 = (2−ξ)(α2−1)+3ξ+28 and then λ1 = (ξ−2)α8 + ξ
2+ξ+2
4(1−ξ) .
Set
q =
1
α + 2
(p2 − 2ξ − 1
4
((2− α2)a0 + a2 + a−2)
= p1 − 2ξ − 1
4
(αa0 + a1 + a−1).
Then, by the structure of III(ξ, 1
2
, 1− α2), qw = −ξ(ξ+1)(α−2)
8
w for all w ∈
〈a0, a2〉alg. Since
( ξ − 1)a0 + (α + 1)(ξ − 1)a1 + (ξ − 1)a−1 + (ξα + ξ + 1)a0
∈ 〈a0, a2〉alg + (α + 2)(ξ − 1)
2
(a1 + a−1),
M(a0, ξ) 3 q(a1 + a−1) + ξ(ξ + 1)(α− 2)
8
(a1 + a−1)
= 2(2ξ − 1)p1 + 2ξ − 1
2
((−ξα− ξ + 1)a0
+((1− ξ)α− ξ)a1 − ξa−1 + (1− ξ)a2).
But this cannot be true.
Hence we may assume α = −2. Then, ai(a2 + a−1− a1− a0) = ξ(a2 + a−1−
a1 − a0) for i = −1, 0, 1, 2 and p1(a2 + a−1 − a1 − a0) = (1 − ξ)(λ1 − 1)(a2 +
a−1− a1− a0). So F(a2 + a−1− a1− a0) is an ideal of M . Then, by Claim 5.3,
M/F(a2 + a−1 − a1 − a0) is a quotient of Z(2, 12).
Hence the proof of Step 4 is completed.
5.5 Proof of Step 5
Assume D = 5.
Claim 5.12. dimM ≥ 6.
Proof. Assume dimM = 5. It suffices to verify that p1 = 0 since it contradicts
Lemma 2.4. Since dimM ≤ 5, M = SpanF{ai | i ∈ Z}. By Lemma 2.1 and
the G-invariance of 0, a3 + a−2 + α(a2 + a−1) + β(a1 + a0) = 0 or a3 − a−2 +
α(a2 − a−1) + β(a1 − a0) = 0 for some α, β ∈ F.
If M satisfies an even relation, then there exist α, β ∈ F such that a3 +a−2 +
α(a2 + a−1) + β(a1 + a0) = 0. By the G-invariance of p1, p1 = 0.
Otherwise, there exist α, β ∈ F such that a3 − a−2 + α(a2 − a−1) + β(a1 −
a0) = 0. Since τ0(p1) = p1, f(p1) = p1, τ0(p2,0) = p2,0, τ0(p2,1) = p2,1 and
f(p2,0) = p2,1, there exist x, y ∈ F such that p1 = γ(a2 + a−2 + (α + 1)(a1 +
a−1)+(α+β+1)a0) and p2,0 = p2,1 = δ(a2+a−2+(α+1)(a1+a−1)+(α+β+1)a0).
Then,
0 = a0(yp1 + xp2,0) = a0 +
δη(ξ − η)
2
(a1 + a−1) +
γη(ξ − η)
2
(a2 + a−2),
where  = (1 − ξ)(δλ1 − γρ) + η(ξ − η − 1)(δ − γ) ∈ F. Therefore γ = δ = 0
and then p1 = 0. Hence the lemma is proved.
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Hence it suffices to consider the case with dimM ≥ 6
Claim 5.13. M satisfies an odd relation.
Proof. Assume that M satisfies an even relation. There exist α, β ∈ F such
that a3 + a−2 + α(a2 + a−1) + β(a1 + a0) = 0. Then a−1a2 = −(α + β)p1 −
(α + 1)p2,1 + ηa2 − ((2α + 1)η + β)a−1. By the flip-invariance, (α + 1)(p2,0 −
p2,1) + (2(α+ 1)η+ β)(a2− a−1) = 0. By the τ0-invariance, (α, β) = (−1, 0) or
p2,1 = p2,0.
Assume (α, β) = (−1, 0). Since a2a−2 = (1 − η)a2 + ηa−2, η = 12 . By
considering the structure of 〈a0, a2〉alg, λ2 = 1 and ξ = 2. If dimM = 6,
then dimM(a0, 0) or dimM(a0, ξ) is 1 and there exist γ, δ ∈ F such that
p2,0 = γp1 +δ(a2 +a−2−2(a1 +a−1)+2a0). Then λ1 = 1 in both cases because
γ(p1 − (λ1 − 1
2
)a0 +
1
4
(a1 + a−1)) = p2,0 − 1
2
a0 +
1
4
(a2 + a−2)
or
γ(p1 + (λ1 +
1
2
)a0 − 3
4
(a1 + a−1)) = p2,0 +
3
2
a0 +
3
4
(a1 + a−1).
If dimM ≥ 7, then there exist δ ∈ F such that p2,1 = p2,0 + δ(a2 + a−2 −
2(a1 + a−1) + 2a0). Then by considering a0p2,1, λ1 = 1. So this case is not
appropriate.
Assume p2,0 = p2,1. If dimM = 6, then p2,0 ∈ Fp1 by the invariance and
then D ≤ 4. So dimM ≥ 7. Then by the coefficients of a0p2,1, ξ = 4η and
λ1 =
30η3−4η
2(8η−1) . By considering the structure of 〈a0, a2〉alg, λ2 = 1 and ξ = 2.
Thus λ1 = 1 and this case is not appropriate. Hence M satisfies an odd
relation.
Thus we may assume that M satisfies an odd relation. Then there exist
α, β ∈ F such that a3 − a−2 + α(a2 − a−1) + β(a1 − a0) = 0. Then a2a−1 =
(α − β)p1 + (1 − α)p2,1 + ηa2 + ((1 − 2η)β + η)a−1. By the flip-invariance,
(1−α)(p2,0− p2,1) = (2η− 1)β(a2− a−1). By the τ0-invariance, (2η− 1)β = 0.
By the τ0-invariance of
a2a−2 = (αβ − α2 + β + 1)p1 + α(α− 1)p2,1 − βp2,0
+((1− 2η)α + η)a2 + ηa−2 − (1− 2η)αβa−1,
η = 1
2
or α = β = 0. By a similar argument as Lemma 5.12, p2,0 − p2,1 = 0
from its invariance.
Claim 5.14. Let α = β = 0. Then M is isomorphic to V1(ξ,
5ξ−1
8
).
Proof. If dimM ≥ 7, then p2,0 /∈ Fp1 +
∑
i∈Z Fai. Since a0(p2,1 − p2,0) = 0,
ξ = 4η and λ1 =
30η3−4η
2(8η−1) . Set q = p1 +p2,0− 3η2 (a2 +a−2 +a1 +a−1 +a0). Then
for all w ∈ Fp2,0 + Fp1 +
∑
i∈Z Fai, qw = ((1− 4η)(λ1 + λ2)− 7η2 )w. Since
(q − (λ1 + λ2 − 7η
2
)a0 + 2η(a2 + a−2 + a1 + a−1))2 ∈M(a0, 0)⊕M(a0, 1)
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and
( q − (λ1 + λ2 − 7η
2
)a0 + 2η(a2 + a−2 + a1 + a−1))
·(p1 − (λ1 − η)a0 + η
2
(a1 + a−1))
∈M(a0, 0)⊕M(a0, 1),
λ2 =
14η2−η
8η−1 and η =
1
2
. Thus this case does not hold.
So we may assume dimM = 6. Then there exist γ, δ ∈ F such that p2,0 =
γp1 + δ(a2 + a−2 + a1 + a−1 + a0) and either dimM(a0, 0) or dimM(a0, ξ) is 1.
If dimM(a0, 0) = 1, then
γ(p1−((1−ξ)λ1−η)a0−ξ − η
2
(a1+a−1)) = p2,0−((1−ξ)λ2−η)a0−ξ − η
2
(a2+a−2).
Therefore λ1 +λ2 =
ξ+3η
2(1−ξ) , (γ, δ) = (−1, ξ−η2 ) and (1−ξ)(a2 +a−2 +a1 +a−1)−
(ξ + 3η)a0 ∈M(a0, ξ). Since
( (1− ξ)(a2 + a−2 + a1 + a−1)− (ξ + 3η)a0)
·(p1 − ((1− ξ)λ1 − η)a0 − ξ − η
2
(a1 + a−1))
∈M(a0, ξ)
and
((1− ξ)(a2 + a−2 + a1 + a−1)− (ξ + 3η)a0)2 ∈M0(a0)⊕M(a0, 1),
chF = 5 and η = 1
2
.
Thus we may assume dimM(a0, ξ) = 1. Then
γ(p1 − (λ1 − η)a0 + η
2
(a1 + a−1)) = p2,0 − (λ2 − η)a0 + η
2
(a2 + a−2).
Therefore λ1 + λ2 =
3η
2
, (γ, δ) = (−1, −η
2
) and (a2 + a−2 + a1 + a−1)− 3ηa0 ∈
M0(a0). Thus ai(a2 + a−2 + a1 + a−1 + a0) = (3η + 1)ai for all i and then
p1(a2+a−2+a1+a−1+a0) = (3η+1)p1. Therefore η =
5ξ−1
8
and λ1 = λ2 =
3η
4
.
Then
p21 =
−5(3ξ + 1)(5ξ − 1)
128
p1− (7ξ − 3)(3ξ + 1)(5ξ − 1)
2048
(a2+a−2+a1+a−1+a0)
and M is isomorphic to V1(ξ,
5ξ−1
8
).
Since η /∈ {0, 1, ξ}, ξ /∈ {1
5
, 9
5
, −1
3
} in this case.
Claim 5.15. Let η = 1
2
. Then M is isomorphic to V2(ξ,
1
2
).
Proof. If dimM ≥ 7, then ξ = 2 and λ1 = 1 by the same argument as
above. So we may assume dimM = 6. Then there exist γ, δ ∈ F such that
p2,0 = γp1+δ(a2+a−2+(α+1)(a1+a−1)+(α+β+1)a0) and either dimM(a0, 0)
or dimM(a0, ξ) is 1.
28
Assume dimM(a0, ξ) = 1. Since
γ(p1 − (λ1 − η)a0 + η
2
(a1 + a−1)) = p2,0 − (λ2 − η)a0 + η
2
(a2 + a−2),
(γ, δ) = (−(α + 1), 1
4
) and (α + 1)λ1 + λ2 =
α−β+3
4
. Hence a0(a2 + a−2 + (α +
1)(a1 + a−1) + (α + β + 1)a0) =
3α+β+5
2
a0. Thus p1(a2 + a−2 + (α + 1)(a1 +
a−1) + (α + β + 1)a0) =
3α+β+5
2
p1 and 3α + β + 5 = 0. By considering the
quotient, α = −5 or ξ = 2. If ξ = 2, M is a quotient of Z(2, 1
2
). If α = −5,
then p21 =
−(2ξ−1)(2ξ−3)
32
(a2 + a−2 − 4(a1 + a−1) + 6a0). Thus there exists a
surjective homomorphism from V2(ξ,
1
2
) to M such that aˆi 7→ ai and pˆi 7→ p1.
Since there exist no appropriate ideal, the surjection is an isomorphism.
Assume dimM(a0, 0) = 1. Since
γ(p1−((1−ξ)λ1−η)a0−ξ − η
2
(a1+a−1)) = p2,0−((1−ξ)λ2−η)a0−ξ − η
2
(a2+a−2),
(γ.δ) = (−(α + 1), 2ξ−1
4
) and (α + 1)λ1 + λ2 =
(2ξ+1)α+(2ξ−1)β+2ξ+3
4(1−ξ) . Since
( a2 + a−2 + (α + 1)(a1 + a−1)− ((α + 1)λ1 + λ2)a0)
·(p1 − ((1− ξ)λ1 − 1
2
)a0 − 2ξ − 1
4
(a1 + a−1))
∈M(a0, ξ),
β = −3α − 5. Then F(a2 + a−2 + (α + 1)(a1 + a−1) + (α + β + 1)a0) is an
ideal. By the structure of the quotient, α = −5 or ξ = 2. If ξ = 2, then M is
a quotient of Z(2, 1
2
). If α = −5, then p21 = 3−6ξ32 (a2 + a−2− 4(a1 + a−1) + 6a0).
Since (p1 +
2ξ−1
2
a0 − 2ξ−14 (a1 + a−1))2 ∈M(a0, 0), ξ = 2.
Thus, the proof of Step 5 is completed.
5.6 Proof of Step 6
Assume D ≥ 6 and chF 6= 5.
Claim 5.16. Let ξ = 4η. Then M is isomorphic to VI2(
1
3
, 1
12
).
Proof. In this case, p2,1 = p2,0 and thus λ1 =
18η−1
8
. Since a0(p2,1 − p2,0) = 0,
0 ∈ Fa0 + (2(1 − 8η)λ1 + 30η3 − 4η)(2p1 + η(a1 + a−1)). Thus η = 12 or
η = 1
12
. By the assumption, η = 1
12
and then chF 6= 5. Then a0(p3,1 +
p3,−1) = 12p3,0 +
1
48
(a3 + a−3) + 56(p1 + p2,0 +
1
24
(a2 + a−2 + a1 + a−1)). By
the invariance of p1p2,0, a4 − a−3 + a3 − a−2 + α(a2 − a−1) = 0 for some
α ∈ F and p3,1 = p3,0 − 112(a3 − a−2 + (α − 1)(a1 − a0)). Therefore p3,0 =−4p2,0 − (α + 4)p1 − 124(a3 + a−3)− 16(a2 + a−2)− α+424 (a1 + a−1 + a0). Then
a2a−3 = (α2 + 3α + 1)p1 + 5αp2,0
+
3α + 2
24
a3 +
α
24
a−3 +
α
8
a2 +
−α2 + 12α + 1
12
a−2
+
3α2 + 2α
24
a1 +
α2 + 4α
24
(a−1 + a0).
29
By the flip-invariance of a3a−2, α
2−10α
12
(a3 − a−2) + α2−α12 (a1 − a0) = 0. Since
D ≥ 6, α = 0. Then a3a−3 = 1112a3+ 112a−3. By the τ0-invariance, a3 = a−3 since
chF 6= 5. Then there exists a homomorphism from VI2(13 , 112) to M such that
aˆi 7→ ai. Since there does not exists an appropriate ideal, this homomorphism
is an isomorphism.
Thus we may assume ξ 6= 4η.
Claim 5.17. There exist α, β ∈ F such that a3 − a−3 + α(a2 − a−2) + β(a1 −
a−1) = 0 and one of the following conditions holds.
(i) α = β = 0
(ii) η = 1
2
, p3,0 = p3,1 and α(β − 1) = 0.
Proof. Since p2,0 − p2,1 ∈
∑2
i=−1 Fai +
ξ−4η
4
(a3 − a−2) by (2.5) and p2,0 − p2,1
is τ0-invariant, D ≤ 6 and there exist α, β ∈ F such that a3 − a−3 + α(a2 −
a−2) + β(a1 − a−1) = 0. Then a2a−2 = −αp3,−1 + (1 − β)p2,0 + αp1 + ηa−2 +
(η + (1− 2η)β)a2. By the τ0-invariance, α(p3,1 − p3,−1) = (2η− 1)β(a2 − a−2).
Thus (2η− 1)β(a3− a−3 + a2− a−2 + a1− a−1) = 0 and then α = β = 1, β = 0
or η = 1
2
. Furthermore,
a−2a3 = α2p3,−1 − βp3,1 + α(β − 1)p2,0 + (−α2 + β + 1)p1
+ηa3 + (η + (1− 2η)α)a−2 + (1− 2η)αβa2.
By the flip-invariance,
β(p3,0− p3,1) +α(β− 1)(p2,0− p2,1) + (1− 2η)αβ(a−1− a2) + (1− 2η)αa−2 = 0.
If α = 0 and β 6= 0, then η = 1
2
and p3,0 = p3,1. If β = 0, then α(p2,0 − p2,1 +
(2η − 1)a−2) = 0 and hence α = 0. If α 6= 0 6= β, then
α2(β − 1)(p2,0 − p2,1) + (2η − 1)(β(α2 + β)a2 − (α2 + β2)a−2 − α2βa−1) = 0.
By the flip-invariance, β = 1 and 2η = 1. Hence p3,0 = p3,1. Thus if (α, β) 6=
(0, 0), then η = 1
2
, p3,0 = p3,1 and α(β − 1) = 0.
Claim 5.18. Let ξ = 2η. Then M is isomorphic to VI1(ξ,
ξ
2
) or VI1(
−2
7
, −1
7
)×.
Proof. In this case, η 6= 1
2
and then a3 = a−3. Since
p2,1 ∈ 2(4η − 1)(λ1 − η)
η
p1 + (4η − 1)(λ1 − η)(a0 + a2)− η
2
(a3 + a−1) + Fa0,
λ1 = η or η =
1
4
by the τ0-invariance. In both cases, p2,1 = −η2(a3 + a1 + a−1).
Then
p1p1 =
1
2η
a0(z1x1 − z1z1)− (z1x1 − p1p1)
∈ η
2
4
p3,0 +
2(1− 2η)λ1 + 3η3 − 4η
2
p1 +
2η(1− 2η)(λ1 − η)
4
(a1 + a−1)
+Fa0.
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Since f3(p1p1) = p1p1, λ1 = η and p1p1 =
η2
4
p3,0 − η2+η2 p1. Therfore p3,0 = p3,1.
Set p3 = p3,0 and
q = p3 + 2p1 − η(a3 + a2 + a−2 + a1 + a−1 + a0).
Then by Lemma 2.3, M(q,−(7η2 + η)) ⊃ Fp1 + Fp3 +
∑
i∈Z Fai. Thus M =
Fp1+Fp3+
∑
i∈Z Fai and there exists a surjective homomorphism from VI1(ξ,
ξ
2
)
to M such that aˆi 7→ ai, pˆ1 7→ p1 and qˆ 7→ q.
When M is isomorphic to VI1(ξ,
ξ
2
)/I for an ideal I 6= {0}, all elements of I
are G-invariant because M is of axial dimension 6. Thus I = Fq and qw = 0
for all w ∈M . Hence M is isomorphic to VI1(−27 , −17 )×.
Since η 6= 1, ξ 6= 2 in this case. Furthermore, the quotient VI1(−27 , −17 )×
exists only if chF 6= 7.
Thus we may assume ξ 6= 2η and ξ 6= 4η.
Claim 5.19. M is isomorphic to VI2(ξ,
−ξ2
4(2ξ−1)), VI2(
2
3
, −1
3
)× or VI2(1±
√
97
24
, 53±5
√
97
192
)×.
Claim 5.20. α = β = 0.
Proof. Assume (α, β) 6= (0, 0). By Claim 5.17, α(β − 1) = 0, η = 1
2
and
p3,1 = p3,0. If α = 0, p2,1 − p2,0 = ξ−24 (a3 − a−2 − a2 + a−1 + (β + 1)(a1 − a0)).
Therefore
0 = p3,0 = p3,1 ∈ (ξ − 1)
2
(a3 − a−2) +
2∑
−1
Fai.
Thus we may assume β = 1. Since p2,1 = p2,0 +
ξ−2
4
(a3 − a−2 + (α − 1)(a2 −
a−1) + (2− α)(a1 − a0) by the invariance, λ1 = 2ξ2−9ξ+54(ξ2−4ξ+2) . Furthermore, since
p3,0 = p3,1,
p3,0 = a0(
4
ξ − 2(p2,1 − p2,0) + a−2 − (α− 1)(a2 − a−1) + (α− 2)(a1 − a0))
−η(a0 + a3)
∈ Fp1 + F(p2,0 + p2,1) + F(a3 + a−2 + (α + 1)(a2 + a−1) + (α + 2)(a1 + a0)).
Thus (α, ξ) = (−4, 3). Then 〈a0, a2〉alg cannot be a dihedral (3, 12)-algebra.
Proof of Claim 5.19. By Claim 5.20, we may assume a3 = a−3. Since p2,1 −
p2,0 =
ξ−4η
4
(a3−a−2−a2 +a−1 +a1−a0) by the invariance, (2ξ2− 12ξη− 2ξ+
8η)λ1 = 4η
3 − 10ξη2 − ξη + 6η2. Since
p3,0 ∈ Fa0 + Fp1 + F(p2,0 + p2,1) + Fa3 − ξ
2
4(ξ − 4η)(a2 + a−2)
+
32η(1− 2ξ)λ1 + ξ2 + 20ξη2 + 24ξη2 − 8ξη − 16η2
4(ξ − 2η)(ξ − 4η) (a1 + a−1)
and p3,0 ∈ Fp1 + F(p2,1 + p2,0) + F(a0 + a3) + F(a1 + a−1 + a2 + a−2) by the
invariance,
16η(1− 2ξ)λ1 = −ξ3 − 8ξ2η − 12ξη2 + 4ξη + 8η2.
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Therefore η = ξ−1
2
or η = −ξ
2
4(2ξ−1)2
If η = −ξ
2
4(2ξ−1)2 , then
p3,i =
2(2ξ − 1)
ξ
(2p1 − ξ
2
4(2ξ − 1)(ai+1 + ai−1))
−2(2ξ − 1)
5ξ − 2 (2p2,i −
ξ2
4(2ξ − 1)(ai+2 + ai−2))
+
ξ2
4(2ξ − 1)ai+3 +
ξ(29ξ2 − 22ξ + 4)
4(2ξ − 1)(5ξ − 2)ai,
p1p1 =
ξ2(39ξ2 − 22ξ + 2)
16(2ξ − 1)2 p1 −
ξ4(9ξ − 4)
32(2ξ − 1)2(5ξ − 2)p2,0
−ξ
4(3ξ − 1)(9ξ − 4)
128(2ξ − 1)3 (a3 + a1 + a−1)
− ξ
4(3ξ − 1)(9ξ − 4)
64(2ξ − 1)2(5ξ − 2)(a2 + a−2 + a0).
Set
q = p2,0 +
(3ξ − 2)(5ξ − 2)2
ξ2(9ξ − 4) p1
−(3ξ − 2)(5ξ − 2)
8(2ξ − 1) (a3 + a1 + a−1)−
21ξ2 − 18ξ + 4
8(2ξ − 1) (p2 + p−2 + p0).
By Lemma 2.3, {p1} ∪ {p2,0} ∪ {ai | i ∈ Z} ⊂ M(q,− (3ξ−2)(5ξ−2)(12ξ2−ξ−1)8(2ξ−1)(9ξ−4) ).
Thus M = Fp1 + Fq +
∑3
i=−2 Fai and then the map VI2(ξ,
−ξ2
4(2ξ−1)) to M such
that aˆi 7→ ai, pˆ1 7→ p1 and qˆ 7→ q is a surjective homomorphism.
If M is not isomorphic to VI2(ξ,
−ξ2
4(2ξ−1)), then M = VI2(ξ,
−ξ2
4(2ξ−1))/Fq and
qw = 0 for all w ∈ M by a similar argument as Claim 5.18. Hence M is
isomorphic to VI2(
2
3
, −1
3
)× or VI2(1±
√
97
24
, 53±5
√
97
192
)×.
If η 6= −ξ2
4(2ξ−1)2 , then η =
ξ−1
2
, λ3 =
ξ
2
and λ2 =
9ξ2−7ξ+2
8(2ξ−1) by the structure of
〈a0, a2〉alg and 〈a0, a3〉alg. Since x3 ∈ Fx1+Fx2, λ3−η+ 2ξξ−1(λ1−η)+2ξ(λ2−η) =
−ξ2+ξ+1
2
. Therefore (5ξ2−6ξ+2)(ξ2−ξ+1) = 0. Since η 6= −ξ2
4(2ξ−1)2 , ξ
2−ξ+1 = 0.
Since
a0(z1z2)∈ Fp1 + Fp2,0 + Fp2,1 +
1∑
i=−2
Fai + Fa3
−η
2(2η − 1)(ξ − 2η)(ξ2 + 8ξη − 4η)
4(ξ − 4η)(ξ2 − 6ξη + 4η − ξ) a2,
p2,0 ∈ Fp1+
∑
i∈Z Fai. Let ξ =
1+
√−3
2
. Then a3+
1+
√−3
2
(a2+a−2)+
1−√−3
2
(a1+
a−1) + ρ2a0 ∈M(a0, 0) for some ρ2 ∈ F. If dimM = 7, then a2 + a−2 + ν1(a1 +
a−1) + ρ1a0 ∈ M(a0, ξ) or a3 + µ1(a2 + a−2) + ν1(a1 + a−1) + ρ1a0 ∈ M(a0, ξ)
for some µ1, ν1, ρ1 ∈ F. Then we can compute p2,0 and p3,0 by using these
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parameters. But no parameter satisfies the appropriate invariance of p2,0 and
p3,0. Hence dimM = 6. However, by a similar argument, the dimension of M
cannot be 6. Hence M cannot be an axial algebra of Majorana type in this
case.
Since ξ 6= η, 2η and η 6= 1, ξ /∈ {4
9
, 2
5
,−4 ± 2√5}. Thus if M is isomorphic
to VI2(
2
3
, −1
3
)×, then chF 6= 3. If F 6= 3, 11, then both of VI2(1±
√
97
24
, 53±5
√
97
192
)×
are appropriate. In the case when F = 11, (1±
√
97
24
, 53±5
√
97
192
) = (2, 7) or (−1, 1).
Thus only VI2(2, 7)
× is appropriate. Hence if M is a quotient of VI2(ξ,
−ξ2
4(2ξ−1)),
M is isomorphic to VI2(
2
3
, −1
3
)× with chF 6= 3, VI2(1±
√
97
24
, 53±5
√
97
192
)× with chF 6=
3, 11 or VI2(2, 7)
× with chF = 11.
Thus Step 6 is proved and then the proof of Main Theorem is completed.
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